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ASTROPHYSICS

QUASI-STATIC OSCILLATIONS IN THE ATMOSPHERE
OF T/ AQUILAE

P. Ledoux* and J. Grandjean**

ABSTRACT: The variation with phase of the properties of hydrostatic
atmospheric models constructed to interpret the observations of T/ Aquilae
are discussed from the point of view of the theory of pulsations. The la
grangian variations of density combined with the equation of continuity (con
servation of mass) yield a distribution of velocity with depth which is com
patible with the observations.

The conservation of energy is satisfied within the precision of the nu
merical integrations used.

In the case of the equation of motion (conservation of momentum) the
problem arises of interpreting the small values of the effective gravity ge
adopted in the models. This difficulty which is not bound up with pulsations
is discussed at some length. The hypothesis of very strong convection cur
rents arising in the ionization zone of hydrogen and carrying an appreciable
net flux of momentum across the photosphere holds some promise of ex
plaining the weak ge' the atmosphere being then composed of large elements
nearly in free fall. The combination of this hypothesis with the theory of
pulsations is a delicate problem and a qualitative discussion only is given.

1. INTRODUCTION

11010***

The atmosphere models, which have served for discussing the continuous background
of T/ Aquilae [1] and the observed differential velocities [2], have deen derived on the
basis of the usual theory of hydrostatic and radiative equilibrium, with the relaxation
time of the radiation field being assumed much shorter than the pulsation period and with
the acceleration due to the pulsation being incorporated implicitly in the effective gravity. 11011
ge.

If one assumes the validity of this quasi-static hypothesis, one can, from the compari
son between the models for the different phases, determine the variations of the various
parameters and ascertain if they are compatible with the dynamic and thermodynamic
theory.

'~i

Since a complete description of these models has been published elsewhere [21, we
will repeat in Table I only those of their characteristics that are essential to the discus
sion.

*Member of F. N. R. S.
**Introduced by P. Swings.

***Numbers in the margin indicate pagination in the foreign text.
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2. VARIATI01\TS IN THE DENSITY p AND IN,THE AVERAGE ABSORPTION
COEFFICIENT K

Interpolation in Table I allows one to determine the variations of p and K for either
a constant optical depth 'To or a constant geometrical depth 110, or even with respect 'to
an element of matter (variations in the Lagrangian sense) characterized by the constant
mass m(h) which it supports. Since these latter variations are the most interesting
physically, we have repeated them in Table II and Fig. 1 for three elements supporting,
respectively, 72, 135 and 181 grams and which occupy, in the phase 0.0, the optical
depths T = 0.1, 0.3 and 0.6, respectively.

irABLE II. DENSITY VARIATIONS OF AN ELEMENT OF MATTER

It is seen that for these three levels the Lagrangian variation of the density is, for the
most part, in phase with the radial velocity and that the only marked difference from one

3



level to another is in the amplitude.

The same can be said about the comparison
of the variations of the average absorption coef
ficient illustrated by Fig. 3.

3. EQUATION OF MOTION AND THE EFFEC
TIVE GRAVITY ge

Normally, the equation of motion

Figure 2 pre sents a comparison between the
variation of p obtained by us and that obtained
by W. S. Adams, M. Schwarz schild and B.
Schwarz schild (3J from a study of the absorp
tion lines. It proves that the two variations
have nearly the same behavior, to within a small
factor due to the lower ge adopted by us.

(1)

Fig. 3. Comparison between our
variation of K (points) and that of
Schwarzschild (small circles) after
shift of ordinate scale s.
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should provide a dynamic test, with the pressure gradient being taken from the models
and the acceleration from the observed radial velocities.

But it :is a well-know'll fact [3 to 8] that for all the phases the effective gravity ge
= -<iP/ pdr obtained from the line spectrum is much smaller than the dynamic gravity
gd = GM/Rz + dZ l'/dt2 .

This is also true in our models, where ge is primarily determined via the Balmer 11015
discontinuity (Table III). Nevertheless, recently Canavaggia and Peckel' [9], as well
as Whitney [10J have obtained by the same method very much hig~er ge values, higher,
in fact, than gd' The source of this discrepancy must be the higher temperatures as-
sumed by these authors, and the different methods employed to evaluate the flux on both
sides of the Balmer discontinuity. Not wishing to discuss here the respective merits of
either solution, we feel, nevertheless, that on the whole more of the evidence favors the
low ge.

,TABLE III. COMPARISON BETWEEN ge' GM/Rz ANI?
THE ACCELERATION OBTAINED FROM THE \

RADIAL VELOCITIES
----_.__....

...c...:-" i . - .' . ~ "-' ._._-
fh"scs g, tg ... G~r IR' dV Idl Phases C. C .... G~I/RI dV Idt i
0.00 2,5 46 - 1 0,68 1 43 -23 I0,15 2,2 42 -12 0,75 1,5 46 - 3

0,35 2.0 40 - 8 0,85 2,0 49 -68 I

0,556 1.5 41 -22 0,90 2,2 49 + 61 . J
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Since this effect is not limited to the cepheids [5, 6, 11], its cause should not be
sought in the pul sation.

In order to eh-plain these low ge, Pannekoek [5, 8] proposed introducing into these at
mospheres a velocity field that increases outward. It is assumed to be created by-a "to
tal gravity" that becomes negative in the upper layers. But this hypothesis leads to a
continuous expansion at appreciable rates, the existence of which has not been confirmed
by observation and the theoretical justification of which is difficult.

More often, one resorts to employment of a very pronounced "turbulence" which, in
all these atmospheres, shows up in the growth curves and again in the line profile. For
example, Adams and Schwarzschild [3] have obtained average turbulence velocities of
the order of 4 and 12 km/sec by the two methods in the atmosphere of 1) Aquilae, at an
average line formation level of T = 0.3.

/1016

The argument rests on the Reynolds pressure concept, which reduces, in the isotropic
turbulence case, to a pressure which we designate by Pt = (1/3)pC 2 , where 62 is the __
mean square velocity of the turbulent elements. In this ('ase, ignoring radiation pressure,
Eq. (1) becomes

'I

(2)

.-- '. ~~ lLsually, the discussion is based on Eq. (2), integrated for an isothermal atmosphere
with C2 copstant. This corresponds to replacing the usual scale factEr ~T/~g by
[RT/ M+ C2 /3 J g, or to introducing an effective gravity g~ = g/( 1 + C2/c 2), where C 2

represents tile mean square thermal agitation velocity.

For example, with <52 --z 12 kmlsec and c 2 z 7 km/sec (T z 5000° K, ~ = 1. 5), g~ c;:

g/4 z 10 cm/secz , which is still 4 to 5 times higher than the ge used by us.

Equation (2), on the other hand, shows that more generally ge tends to become
smaller as the rate of decrease of Pt toward the outside increases. In our models, if
one interprets the value of tJJt/.6.r required to explain the low ge in terms of the change
of C between T = 0.3 (: '::: 4 to 12 km/sec) and the top of the hydrogen instability zone,
one finds that at this level C '::: 30 km/sec. In spite of the extremely high convection in
these regions of very low density, it is doubtful that such rates can ever be attained.

In addition, it appears very difficult to justify such a rapid variation of the kinetic
energy of turbulence. This variation must be of the same order as the difference in
the potential energy of gravity between the two levels and equal to several times the
thermal agitation energy.

The model recently calculated by P. Dumezil-Curien [12] for g = 32.5 cm/secz and L!.Ql7
k =4.5 can serve to make these considerations a little more precise. It contains an
extended convective zone beneath the photosphere. The kinetic energy acquired by a
unit element of mass in traversing this region of instability is given, in a first approxi
mation, by

5



1 _

1 1 ·f ( 1 dP)·-v~--v~ = - c+-- dr.2 2 . , p dr
o

(3)

where the barred symbols denote the average value of the variable in the surrounding
medium. Let us direct the discussion to the case of an element moving upward. If, on
the average, hydrostatic equilibrium exists, dP/dr = -gp, and if one ignores Pt, Eq.
(3) can be written as

(4)

where T is given by

(5)

-- --- -._-,- ....
i
\

when the motion is considered to be adiabatic.

Although the r z of Eq. (5) refers to the moving element, we have used the r 2 value
calculated by P. Dumezil-Curien for the ambient medium. This does not cRl-'!.se a serious

"'..,."..:> error at the start of the motion, but at the top of the unstable region and in the bottom
layers of the radiative atmosphere r? will tend to remain appreciably smaller in the up
ward-moving element than in the ambient medium, which would tend to lengthen the
period of computed positive acceleration. The kinetic energies calculated in this manner _
can therefore be considered, in this sense, as the lower limits. On the other hand, how- 11018·
ever, the viscosity and the radiative conduction tend to diminish the velocities of these
flows; and besides, if they attain supersonic velocities, it may happen that the losses via
shock waves would increase considerably. .

The integrand of Eq. (4) is shown in Fig. 4, which also gives the variation of 1/2~ ,
with Vo assumed to be zero. It shows that at the top of the unstable zone (log P = 3.470,
T=1. 04), 1L2vi z 10IZ or VI Z 14 km/sec. At this point, however, T is still much
higher than T and v will continue to increase until T = 0.03 (log P '::: 2.625), where it
reaches a value of the order of 16 km/sec. Let us note that such an element, considered 11019
to be in free fall after leaving this point, can rise above the normal atmosphere of P.
Dumezil-Curien's mode to a height of the order of the thickness of this atmosphere.

It is evident that such flows, with which it is reasonable to associate the high veloci
ties of the order of 12 km/sec observed in the line profile, can alter the structure of
the outer layers considerably. Certainly, the concept of turbulence pressure loses all

.meaning in this case. However, the momentum flux due to these flows can ensure a
dynamic support of the atmosphere that becomes more efficient as the cross sections
of the rising flows become smaller and acquire higher velocities than the descending

6



flows (with mass conservation being preserved, of_course).

'1(.
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I
Fig, 4. Variation of the kinetic energy of an element through
the outer layers of the Dumezil-Curien model.

.Pushing this point of view to the extreme, the atmosphere, distended to well beyond
the normal dimensions of a hydrostatic atmosphere, is then reduced to an ensemble of
nearly independent, rapidly moving elements [13]. Of course, this may result in small

. scale turbulence such as that indicated by the rising curve (C'::: 4 km/sec). But dynamic
effects of this turbulence on the atmosphere are negligible.

With respect to the deviations from radiative equilibrium, the formula

(6)

permits their magnitudes to be estimated, even though it is not strictly applicable to the
case envisioned here. The fraction a of the ionization energy per unit volume that must
be used is difficult to define. If it is very small and if it also assumes that the mean
free path 1 is of the order of the depth of the ionization region, one finds that the average
element velocity v must be very high (several hundred km/sec) in order for Fconv to
become comparable to the radiative flux. If one takes a = 1/2 and assumes that half of
the hydrogen is ionized, vmust still be of the order of 50 km/sec, that is, clearly higher
than the maximum value of VI found above.

It follows, then, that on the average the deviations from radiative equilibrium must /1020-
7



not be large and consist primarily of an excess of ultraviolet energy, resulting from re
combination of hydrogen.

Our observations correspond, in general, to the layers of small optical depths, lo
cated above the photosphere which is formed in this mass of intertwined flows. In this
region the elements move under the action of the impetus, acquired in deeper layers, and
the gravity g. Thus they can be considered to be in free fall except for the slight oppos
ing effects of a very low average pressure and the viscosity, which reduces ge,in each
element to a very small value. '-

The complete discussion of such a hypothesis, combined with the theory of pulsations,
would certainly cause many kinematic and dynamic clifficultie s. However, as each ele
ment carries away with it the momentum characteristic of its level of origin, if the deep
layers are agitated by a pulsation, this should be reflected in the radial velocities Vr
observed spectroscopically.

This average veloc~ty Vr can be integrated to give an idea of the average atmosphere
displacement. Conversely, its derivative would not have much meaning since the actual
acceleration d2 r/dt2 of each element remains very Q..lose to -g at any instant of time,
which, according to Eq. (2) where Pt is negligible (C ':::i 4 km/sec), provides good con
firmation of the decrease of ge to a very low value.

On the other hand, the observed radial velocity curve should be appreciably smoothed
by the effect of averaging over time and space compared to the curve at a greater depth,
and these two curves should exhibit a non-negligible phase shift between them.

With regard to explaining the variations of ge, a much more elaborate theory would
be required. Nevertheless, it can be noted that within the framework on this hypothesis
the deep layers, exert, on the average, a thrust on the upper layers during the expan
sion process. If one assumes that this effect is at maximum at the mid-point of the ex
pansion, dP/dr and consequently ge must also achieve their maximum valueaat this time,
which is in accordance with observation. During contraction, on the other hand, the 11021
deep layers disappear in some fashion under the atmosphere which falls, as a unit, more
freely in the gravitational field, with ge passing through a minimum at about the middle
of this contraction period.

Can the possibilities, which this qualitative discussion has revealed, be confirmed
by a more rigorous and quantitative analysis? In particular, what is the precise
meaning of the supersonic velocities, the existence of which seems to be derivable both
from observation as from theory, and what are the ensuing consequences for the struc
ture and the dynamics of the outer layers? Although definitive answers to the questions
would lead to a considerable modification of our concepts, it seems useful to go to the
discussion of the compatibility of the hypothesis with other points of view.

4. ENERGY CONSERVATION

In order to change from one model to another, it is important to verify that we would
not have to supply appreciable amounts of energy to the atmosphere at the expense of the
radiation flux F or vice versa. Since in this region the generation of subatomic energy
is zero and the radiation energy is very low, the energy conservation equation, ignoring
the curvature, can be written as:

8



C T (..!. dT _ if -1 ..!. dP) = _ dF
" T dt "P dt dm

(6)

where 'Y can be set equal to 5/3. Having represented the variations of P and T, derived
from the models by tracing the motion of a particle during one period, as a function of
the phase, let us evaluate dT /dt and dP/dt graphically and calculate the dF/dm, given
in Table IV, for the particle supporting the masses of 72, 135 and 181 grams, respec
tively,

TABLE IV. VALUE OF dFlclm (F~ ~. 25x1010 ergs/cm2)

1
e:==

l·';I~~C~---·1
_.- .- ---_ ... -

-I"
..- . ._- ..- ---.. - -

~" 1:1:; 1111I w

0,0;, .0,1;,:; 10' +0.2;,S 10' iO,.12:1 10'-.
0,15 -0,015 10' +0,07;' 10' +0,2:\1 10'
0,25 ·0,020 10' +0,0:10 10' ·0,011 10'

·0,:,5 -0,0(16 10' -O,15:l 10' -0,125 10'
-.. 0,.15· 0,000 -0,02-\ 10' -0,0.13 10'

0,55 -0,33·\ '10' ·-O,8!l8 10' -0,:152 10'
, O,G5 -2,084 10' -l,3·IG 10' -1,4!)1 10'
i 0,75 +1,15710' +1,273 10' .1,105 10'

0,85 +0,00310' +0,051 10' -0,203 IlJ'
0,95 -0.340 10' -0,416 10' -0,535 10'

It is seen that the total maximum variation of the flux through the atmosphere (~d-F-.iI022
-/dm x .6m) remains less than F/100 for all the phases, Therefore, based on this, there
is no serious incompatibility since the numerical integration of the radiative equilibrium
does not ensure flux constancy wit.h a higher accuracy.

. )

5. RADIAL VELOCITY OF A PARTICLE

One can assume that the velocities observed spectroscopically always correspond to
the same optical level, say, for example T = 0,3. Since the mass of matter above this
level varies appreciably, these velocities, regardless of hypotheses such as those dis
cussed in paragraph 3, cannot characterize the motion of an element of the material,
In order to estimate this velocity, let us consider the continuity equation in Lagrangian
coordinates

(7)

Using the curves of Fig. 1, we have evaluated (l/p)dp/dt for the usual three particles,
yielding the results listed in Table V.

. : ~
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TABLE V.

I

J

,,;;e:~
_..--. - -" .. - -- . . ..

I tip • . •Ptil' derIved for one particle SUpportlDg I tip
Ph;lscs - - average

I I
p cit

72 sr 1:15 gr 181 sr

-
O,O.i ~ 0,30 10·' -0,33 10·' -0,11 10.1 -0,2.5 10·'

0,15 -0,45 10.0 - 0,38 10.1 -0,28 10.0 -0,37 10·"
0,25 -0,53 10·' - 0,62 10.0 -0..16 10.0 -0,55 10.0

0,35 -O,!l3 10·' -0,92 10.1 -0,1>4 10. 0 -0,01 10.0

0,45 -1,7 10·' -1.5 10·' "-- 1. 4 10.0 -1,5 10·'
0,55 -2,8 10.0 -2,4 10.0 -2,8 10.0 -2,6 10.0

O,G5 -6,6 10-0 -5,1 10·' ~G,I 10. 1 -5,n 10.0 .

0,75 + 5,4 10-" I+ 5,6 10-' + 4,4 10.1 + 5,2 10.0

0,85 + 2,2 10-" + 2,5 10.1 + 2,1 10.1 + 2,3 10.0

0,0;) + 0,62 10·" + 0,37 10.0 . + 0,16 10.0 + 0,38 10·'..
~ - .

..::,..-....

i'•I...
i /0
L
II '
I ..
I.»
j
I
j...,
I

i
. !'.~

00 0.,

c

..

i 0,

M! I
. ' .. ~~ . '0/\ l-" -", :'l
...

0
02 O.J 0.4 OJ 0.' or 0" OJ OD ,.
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lFig. 5. Curves of the velocity dr/dtt calculated for three:
(particles: dotted lines: particle supporting 72 grams t solid
'line: particle supporting 135 grams t dot-dash line: particle
'supporting 181 g-rams. The fourth curve (small circles) rep
resents the radial velocity measurements made by Jacobsen
on the absorption centers of the Hand K lines. I



Because of the low precision of this determination, we have adopted an average value 11023
for the three elements in each phase. With the ternJ. 2Vr/r determined from the observed
radial velocity curve, Eq.· (7) gives us an average value of the velocity gradient. The
latter permits us, by using the distance between the optical level T = 0.3 and each of the
particles, to determine the velocity of these particles in each of the phases considered.
These results lead to Table VI and Fig. 5.

..
10 tift
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\ Fig. 6. Radius VariatiOn/or different particles.
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TABtE VI
-_."- -- -------.-'.--:-:- .---.-7--;--;-:------'--:-"-:-.'·1

I

I·

"i
I-

_ irvp ... !dP-l-~
...:>.Ar"" + Ah = hparticle- 1:,._0,3 vp of the particles

ar pdt' r I I I I, 72gr 135 gr 181 72 gr 135 gr 131 gr

0.00 +1.1~ 10-1 -0,5') IOU 0,00 +0,30 IOU +24.2 +24,9 +25.3
0.15 +0,35 10-' -0.73 IOU -0.14 -1011 +0.17 IOU +16,4 +16.7 +16.8
0.35 -0,78 10-1 -0,92 IOU -0,25 IOU +0.10 IOU + 4,2 + 3,7 + 3,4

, 0,55 -3,01 10-1 -1.4-1 IOU -0,60 10" -0,22 10" - 3.2 -_ 5.7 - 6.8,.
'0,65 -S,S9 10-1 -2,27 10" -1,10 IOU +0,57 1011 - 5.9 -13.9 -17,6
0.68 -1,14 10-' -2,4-1 IOU -1,18 IOU -0,63 IOU -23.3 -24.8 -25.4
0,75 +3,65 10-' -1,41 10" '-0,60 10" -0,22 1011 -33,8 -35,7 -3-1.3
0,85 +1,60 10-1 -0,42 1011 -0,25 lOll +0,10 1011 -15.3 -J.l,2 -13.6
0,90 +1,74 10-' -0,73 10" -0,14 IOU' +0,17 1011 + 7,6 + S,7 + 9,2

11
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I The most striking characteristic of these curves is surely the variation of their
!,shape with depth. These are compatible with the results obtained in the study of the ob
1served differential velocities in the atmosphere of 71 Aquilae [2] and especially with the

lconclusion that in phases 0.556 and 0.013, the absolute velocity in the two cases in
creases with the depth.

, On the same figure, the curve joining the small circles represents best the radial
.;velocities obtained by Jacobsen [14] from the absorption centers of the Hand K lineR.
iThese velocities should characterize the motion of the boundary layers of the atmos
:phere. Although this curve is of little more than qualitative interest, it is interesting

". to note that it appears to be a very natural e}.irapolation of the curve for the outermost
particle. We have also applied the correction factor 24/17 to Jacobsen's observations. 11025
However, it is probable that the correct factor is smaller and may be about 1. In this
,case the amplitude difference would be reduced considerably.

J..~, Taking the position of the element f3upporting 181 grams in phase 0.0 as the origin,_ ./1026
: one can, by integration of the curves of Fig. 4, obtain the relative displacements of the .
'i different elements represented in Fig. 6.
,
i The primary effect seems to be that once the radius has reached its maximum length,
i the lower layers start to fall back faster than the upper layers until the point of mini-
i mum light (average radius) is reached; then the situation is reversed with the motion of

the lower layers slowing down more rapidly than that of the upper layers. Thus, the
, deepest layers attain the expansion velocities more rapidly than the upper layers, a

situation that continues until the pointsof maximum light and even a little beyond.

•
6. CONCLUSION., 11027

The discussion of the varia~ions, during the course of one period, of the properties of
the models constructed to account for the observations at different phases has revealed
no incompatibility with the theory of pulsations.

It appears that, provided the effective gravity ge is suitably chosen, which in our
.models means a very low ge that passes through a minimum when the light is a minimum,
the atmosphere can be represented at each instant of time by a static model in radiative
equilibrium that adopts itself to the energy flux to be transferred. The determination of
ge and of its variation is still a delicate problem, however, and merits a more detailed
study, combining all possible sources of information.

The qualitative discussion of paragraph 3 suggests that the very high-rate convection
flows from the hydrogen instability zone can distend the atmosphere (which remains,
however, essentially in radiative equilibrium) well beyond its normal dimensions, with
the effective gravity ge being reduced to a very low value. Some of the consequences
of such a hypothesis for the theory of pulsation"3 have been discussed qualitatively while
ignoring all supersonic phenomena (which can be important).
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